Considering the great impacts of the application sequence of multiclamps on the work
Introduction
Fixtures are used to locate and immobilize workpieces for precision machining, assembly, inspection and other operations. A fixture consists of a set of locators and clamps. Locators are used to determine the position and orientation of a workpiece, whereas clamps exert clamping forces so that the workpiece is pressed firmly against locators. On one hand, since contact forces induced between the workpiece and fixture elements may cause either the slippage of the workpiece from a locator or deflections of the workpiece-fixture system, their determination is, therefore, crucial to the location accuracy of the workpiece in machining. On the other hand, due to the presence of frictions at the contact points between the workpiece and fixture, the clamping sequence greatly influences the final distribution of contact forces in the workpiecefixture system when multiple clamps are applied sequentially. This is why clamping sequence has to be appropriately planned at the stage of machining fixture design.
Traditionally, the mounting process of a fixture is to immobilize the workpiece with negligence of effects of contact forces on displacements and rotations of the workpiece. Recently, a bulk of studies has been carried out for the contact force synthesis and two basic modeling approaches were proposed: Kinematic model and finite element method ͑FEM͒.
Kinematic model is concerned with constraining the motion of the rigid workpiece. Asada and By ͓1, 2͔ and Cai et al. ͓3͔ used the kinematic analysis model of the workpiece-fixture system to determine conditions of the deterministic locating and total restraint. Yoshikawa ͓4͔ and Shapiro et al. ͓5͔ proposed necessary conditions of form closure and force closure, respectively, for designs of fixtures and multi-finger robotic hands. In order to analyze the numbers and layouts of fixture elements and robotic hands, Qin et al. ͓6,7͔ extended further the above conditions for the verification of locating correctness and workpiece stability. Chou et al. ͓8͔ applied the screw theory to establish the fixturing equilibrium of a rigid prismatic workpiece while neglecting friction. Contact forces at specified locations of the workpiece were thus determined by linear programming technique. Trappey and Liu ͓9͔ included friction effect in the ameliorated model where contact forces were then sought by minimizing the constrained nonlinear programming problem. Similar work was performed in the study of Fuh et al. ͓10͔ .
In case of a simultaneous application of multiple clamps, a variety of formulations were proposed to determine the contact forces. Gui et al. ͓11͔ evaluated the contact forces by minimizing the overall contact deflections using contact mechanics model. Li and Melkote ͓12,13͔ applied the principle of minimum total complementary energy. Xiong et al. ͓14͔ used a simultaneous system of equations consisting of the equilibrium and compatibility conditions, and transformed such a nonlinear system of equations into an unconstrained nonlinear programming problem for the numerical computing of passive contact forces. In fact, all these methods are based on the elastic contact deformation between the workpiece and fixture. Alternatively, Wang and Pelinescu ͓15͔, Wang and Liu ͓16͔ analyzed the clamping sequence from the viewpoint of minimizing contact forces under the assumption of the rigid workpiece-fixture system. Raghu and Melkote ͓17͔ used an analytical model to capture the effect of clamping sequence on the workpiece accuracy. It is, however, assumed that normal reaction forces at fixture elements that are opposite to the clamps remain constant through the rest of the clamping sequence and that multiple clamps have to be applied simultaneously if installed to the same part face. Kang ͓18͔ and Cogun ͓19͔ qualitatively examined the effect of clamping sequence on clamping stability, positions and rotations of the workpiece from theoretical and experimental viewpoints, respectively. All clamping steps involved in the clamping sequence were, however, assumed to be independent each other.
FEM is largely used for the numerical prediction of contact forces ͓20-23͔. Based on the finite element model of the workpiece, Kulankara et al. ͓24͔ applied the genetic algorithm to determine contact forces. Liao and Hu ͓25͔ used the FEM to simulate the effect of clamping sequence upon the machined surface position of the workpiece, whereas changes of contact forces from one step to another one were not addressed. However, little research has been done concerning basic theories, mathematical modeling and computing methods of the clamping sequence.
In this work, efforts are focused on the mathematical modeling and design optimization of clamping sequence for a deformable workpiece-fixture system to minimize the effect of clamping sequence on the workpiece machining quality. First, we consider a high-stiffness workpiece with arbitrary surface that is exerted by a sequence of clamping and/or external force loading. A new solution method is presented to predict varying contact forces and the corresponding position accuracy in each clamping step based on the minimization of total complementary energy of the workpiecefixture system subject to friction and equilibrium conditions. Second, the effect of the clamping sequence is studied for a lowstiffness workpiece by means of the FEM method. The optimal clamping sequence will be selected among all possible ones based on the comparison study of the workpiece machining accuracy. By means of some practical examples, detailed discussions are made to synthesize the clamping sequence. Computational results are validated in comparison with experimental data found in the literature.
Effect of Clamping Sequence on High-Stiffness Workpiece
If a workpiece is of high stiffness, the local deformation will be the main factors influencing the workpiece quality ͓26͔. On the contrary, if the workpiece material is substantially softer than the fixture elements, the elastic deformation of the workpiece may be dominant. Therefore effects of clamping sequence on the workpiece quality can be analyzed following the workpiece stiffness.
Description of Multiple Fixture Elements.
When multiple clamps are set up one by one onto the workpiece with known force magnitudes, directions and placements ͓19͔, the clamping sequence will influence the redistribution of resultant contact forces generated between the workpiece and fixture elements ͑fix-els͒. As shown in Table 1 , the clamping sequence can be decomposed into basic clamping steps and each step possesses its own passive and active elements with corresponding passive and active forces. From the above description, locators and clamps will act as passive and active elements, respectively. However, an active clamp applied in the present step will serve as a passive element in the next step when a new clamp is applied. This is because tangential frictions will occur. Physically, clamping forces are frequently controlled by a hydraulic or pneumatic actuator. A summary of elements and forces in each clamping step is shown in Table 1 .
Mathematical
Modeling of Clamping Sequence. In Sec. 2.1, the clamping sequence is qualitatively illustrated. Now, let us study the clamping sequence and related contact forces quantitatively. In each clamping step, contact forces must satisfy static equilibrium equations of the workpiece.
• Step 1: given the set of passive fixels characterized by layout matrices G 1 , G 2 , . . . ,G m , only W g is applied as the external gravity force vector onto the workpiece as listed in Table 1 . Then, the static equilibrium system of equations of the workpiece is dominated by
where the configuration matrix and the resultant contact force vector of total passive elements in Step 1 are
Step 2: the first clamp numbered m + 1 is now set up as an active element with a prescribed clamping force f a͑m+1͒ applied to the workpiece, whereas previous locators ͑i =1,2, . . . ,m͒ are passive elements. Therefore, the current static equilibrium equation system can be obtained as
where the configuration matrix of passive elements, G p ͑2͒ , is identical to G p ͑1͒ and the resultant contact force vector of all passive elements in Step 2 is
Step 3: suppose the second active clamp numbered m +2 is put in use to the workpiece with a known clamping force of f a͑m+2͒ . Note that clamp m + 1 used in
Step 2 now becomes a passive element with the presence of frictional forces. Therefore, the current static equilibrium equation system of the workpiece can be written as
where the configuration matrix of passive elements, G p ͑3͒ , is an extension of G p ͑2͒ with
and the resultant contact force vector of total passive elements in
Step 3 is
• By analogy, the static equilibrium equation in
Step j is generally stated as
where the layout matrix G i ͑i =1, . . . ,m + n͒ and active contact force vector f aj ͑j =1, . . .,n͒ at the ith fixture element are detailed in Appendix A.
is the external load vector applied to the workpiece in Step j.
Determination of Contact Forces in the Clamping Sequence. For a 3D workpiece clamped in
Step j, as its fixture generally consists of m ജ 6 locators and n = j − 1 clamps, there exist 3͑m + j −2͒ unknown components of contact forces to be determined in Eq. ͑9͒, which is indeterminate from the equilibrium viewpoint. True force components of f p ͑j͒ will be evaluated based on the principle of minimum total complementary energy for ͑m + j −2͒ passive fixture elements. As shown in Table 1 , f p ͑j−1͒ and f p ͑j͒ denote resultant contact forces of dimensions 3͑m + j −3͒ ϫ 1 and 3͑m + j −2͒ ϫ 1 in
Step j − 1 and
Step j, respectively. By introducing a new notation for resultant contact forces f p ͑j−1͒ in
Step j −1
Contact forces f p ͑j͒ can be determined by means of the principle of the total complementary energy. The latter states that among all statically admissible stress/forces satisfying equilibrium, the actual state of stress/forces ͑the one corresponding to kinematically compatible displacements͒ leads to an extreme value for the total complementary energy ⌸ ͓27,28͔ with
Since the workpiece is assumed to be rigid, our workpiecefixture model is only concerned with deformable fixels whose complementary strain energy associated with the force increment from step j − 1 to step j is expressed as
Note that the above expression is approximate if the stiffness 
Therefore, the contact force vector of f p ͑j͒ in
Step j can be obtained by finding the extreme value of the following nonlinear programming problem
Here, the first set of constraints refers to equilibrium that must be verified to be statically admissible f p ͑j͒ . The second and third sets refer to unilateral and friction constraints required to ensure the attachment and no slipping between the workpiece and the fixels. The last constraint set refers to the known clamping forces exerted by hydraulic clamps. Below are details of related terms. Note that the stiffness terms are updated iteratively as they are functions of normal contact forces described in Appendix A.
Effect of Clamping Sequence on Low-Stiffness Workpiece
In this case, deformations of fixels are considered to be relatively negligible with respect to those of the workpiece. Compared to Eq. ͑16͒, the mathematical programming problem will be formulated as
where K w denotes the workpiece stiffness matrix of 3r ϫ 3r ͑r is the nodal number͒, f w ͑j͒ denotes the external load vector of 3r ϫ 1 consisting of the gravity force f g , the machining forces f m and corresponding contact forces f p ͑j͒ at locators, including frictions between the workpiece and fixture elements. From Eq. ͑27͒, it is known that contact forces f p ͑j͒ in step j depend on contact forces f p ͑j−1͒ in step j − 1. Therefore, f p ͑j−1͒ must be equivalently applied to the workpiece in way of initial stresses for the evaluation of f p ͑j͒ with the commercial FEM software. In the meantime, the increment of displacement vector ␦d w ͑j͒ can be obtained for the evaluation of total displacement vector
where ␦ w ͑j−1͒ and ␦ w ͑j͒ are the workpiece deformations in step j −1 and step j, respectively.
Optimization of Clamping Sequence
Due to the effect of clamping sequence on the workpiece machining accuracy, it is necessary to model the clamping sequence and then find the optimal one to ensure the machining accuracy.
Optimization of Clamping Sequence for High-Stiffness Workpiece
• Local deformation analysis of the workpiece-fixture system Without the loss of generality, consider the local deformation of the workpiece-fixture system in step j. The matrix form of the solution can be expressed as follows at all contact points
where
• Deviation of the position and orientation of the workpiece Consider a workpiece shown in Fig. 1 . ͕GCS͖ denotes the global coordinate system. ͕WCS͖ denotes the workpiece coordinate system fixed to the workpiece. The terms r w ͑j͒ and ⌰ w ͑j͒ represent the position and orientation of the workpiece with respect to ͕GCS͖ in step j, respectively, r i w = ͓x i w , y i w , z i w ͔ T is the position of the ith contact point in the ͕WCS͖. When ͕WCS͖ is assumed to be aligned with ͕GCS͖, the variation of the position and rotation of the workpiece, ⌬q w ͑j͒ , produced by the local deformation, ⌬d p ͑j͒ , of passive elements obeys • Optimization of clamping sequence According to Eq. ͑31͒, given a clamping sequence, the location accuracy of the workpiece in step j can be calculated. However, it is possible to specify different clamping sequences for the same fixture consisting of m locators and n clamps and each sequence may give rise to a variant location accuracy of the workpiece. Thus the optimal clamping sequence corresponds to the solution minimizing the deviation of location accuracy in the final step n +2.
Note that the objective function ⌬ is a function of the clamping sequence.
Optimization of Clamping Sequence for Low-Stiffness Workpiece.
Similarly, the optimal clamping sequence for a lowstiffness workpiece can be achieved by minimizing the maximum module of nodal deflection of the workpiece in the final step. Based on Eq. ͑28͒, the following model can be used to this end
Numerical Examples
Three tests are now carried out to illustrate the proposed approach. The first one is focused on the analysis of normal contact forces when different clamping sequences are utilized. The second one is concerned with optimization of the clamping sequence of the high-stiffness workpiece. Given the geometry of a workpiece as well as the magnitude and placement of clamping forces, contact forces involved in each clamping step are determined by means of the optimizer function fmincon of the MATLAB optimization toolbox to solve the quadratic programming problem ͑16͒. The third one is about the clamping sequence optimization of the low-stiffness workpiece where the FE method is used to analyze and simulate elastic deformations of the workpiece.
Test 1: clamping sequence with "3-2-1" locating scheme [17] As shown in Fig. 2 , the workpiece is a solid block with outer dimensions of 150 mmϫ 125 mmϫ 75 mm. It is made of aluminum with Young's modulus E w = 70 GPa and Poisson's coefficient w = 0.334, respectively. The fixture consists of two clamps and six locators placed following the "3-2-1" locating scheme. Coordinates, normal and tangential unit vectors of these fixels are given in Table 2 . A pressure of 200 N is prescribed for each clamp. Planar tipped locators and clamps have a tip radius of 5.5 mm and are made of hardened steel with E f = 207 GPa and f = 0.296. The locators and clamps have nominal diameters of 14.3 and 24.6 mm, and heights of 6.6 and 25 mm, respectively. i = 0.18. Effects of three different clamping sequences given in Table 3 will be examined.
After the solution of Eq. ͑16͒, numerical results are shown in Tables 4-6. Normal contact forces at Locator 6 associated with three clamping sequences are listed in Table 7 . In sequence A, the predicted normal contact force is 159.6 N, that is closer to the measured force of 167.3 N than that of ͓17͔. In sequence B, the solution is also acceptable from the manufacturing viewpoint with a relative error of 5%. More importantly, the experiment of ͓17͔ Table 3 Claming sequence †17 ‡
Sequence
Step 1 Step 2 A SimultaneouslyB C 7 C 8 C C 8 C 7 Transactions of the ASME shows that the normal contact force at Locator 6 decreases from 162.4 to 141.8 N in sequence C. Such a variation is globally reflected by the proposed model with an estimation of 188.4 to 178.2 N. In contrast, a constant value of 187.6 N is assumed in the model of ͓17͔.
Test 2: optimal design of clamping sequence of high-stiffness workpiece
To investigate the optimal design procedure of the clamping sequence in detail, two cases are illustrated in Figs. 3 and 4 . A rectangular workpiece is placed in a fixture consisting of six locators and three clamps with spherical heads. For each case, coordinates of fixels as well as their normal and tangential unit vectors are given in Tables 8 and 9 , respectively. Following ͓19͔, the stiffness of fixture elements is 80 kN/ mm. The static friction coefficient between the workpiece and the locators is assumed to be 0.2, whereas the static friction coefficient between the workpiece and the clamps is 0.3. In each case, six possible clamping sequences are analyzed for the evaluation of final location accuracy of the workpiece based on Eq. ͑31͒. Results are given in Tables 10 and 11 and plotted in Figs. 8 and 9 to illustrate the changes of linear and angular position errors of the workpiece in case 1 and case 2, respectively. It can be easily noticed that variations of the position error in Fig. 5 are relatively smooth, whereas those described in Fig. 6 are fluc- Step 1 Step 2 Step 1 Step 2 L1 Table 6 Normal contact forces produced by Sequence C "N…
Fixels
Without gravity With gravity
Step 1
Step 2 Step 1 Step tuant. So the clamping sequence in case 1 has less effect on the workpiece position error. As clamping sequences 6 and 1 produce the minimum location errors with ⌬ = 0.0134 and ⌬ = 0.0155 in each case, they are considered as optimal ones according to Eq. ͑35͒. Test 3: optimal design of clamping sequence of low-stiffness workpiece As shown in Fig. 7 , the analysis and optimization of clamping errors are illustrated for a low-stiffness workpiece that is a thinwalled part with outer dimensions of 200 mmϫ 100 mm ϫ 30 mm and thickness of 5 mm. Material of the workpiece is 7075 aluminum with E w = 70 GPa and v w = 0.3. The fixture consists of three clamps ͑C1, C2, C3͒, three locators ͑T1, T2, T3͒ and one support ͑S͒. Planar tipped locators and clamps are made of hardened steel with E f = 207 GPa and v f = 0.296. Clamps and locators have a radius of 8 mm and a height of 20 mm. C1 and C2 can exert equal pressures of 0.2 MPa on the workpiece, whereas C3 produces 0.3 MPa pressure. The static friction coefficient between the workpiece and the fixels is 0.3. Because the stiffness of the support S is largely stronger than the workpiece, S can be thought of as rigid elements. Coordinates of fixels are given in Table 12 . Effects of three different clamping sequences given in Table 13 will be examined. Now a detailed discussion is made about the effect of the clamping sequence A. From Table 14 , it can be observed that the maximum deformation occurs at the thin wall where contacts are made with fixels C1 and C2. In Fig. 8 , the workpiece deformation in sequence A is plotted along the line of z = 15 mm on the contact surface. Likewise, workpiece deformations in other sequences can be equally plotted in Fig. 8 . Obviously, workpiece deformations are relatively large for clamping sequences A, C, D, G and H in which clamps C1 and C2 are first applied sequentially or simultaneously. Among all clamping sequences, sequence E is considered to be optimal following Eq. ͑36͒.
Conclusions
In designing a fixture setup, the clamping sequence is usually not considered. However, the clamping sequence has a nonnegligible influence upon the contact forces and the location ac- ͑1͒ Varying contact forces and workpiece position errors in each clamping step are evaluated for the first time by solving a nonlinear mathematical programming problem. This is done by minimizing the total complementary energy of the workpiece-fixture system. Compared with experimental data and referenced results, the prediction proves to be rigorous and reasonable. ͑2͒ The optimal clamping sequence is quantitatively identified based on the minimum position error and deflections of the workpiece.
Finally, three examples are discussed to predict the contact forces and to optimize the clamping sequence. Good agreements are achieved between predicted results and experimental data and the workpiece machining quality can be improved by the optimal clamping sequence.
Appendix A
A.1 Screw Theory. According to the screw theory, for a rigid body the ith screw is composed of twist t i , describing translational and rotational motion, and wrench W i , being the set of forces and moments. As shown in Fig. 9 , a workpiece-fixture system consists of a workpiece and m locators ͑i =1,2, . . . ,m͒ and n clamps ͑i = m +1,m +2, . . . ,m + n͒. Contacts between the workpiece and fixture elements are considered as frictional and point-wise contacts. Let W g and W m denote gravity wrench and machining wrench, respectively, r i = ͓x i , y i , z i ͔ T be the position of the ith contact point between the workpiece and the ith fixture element in the global coordinate system of ͕GCS͖.
T be the unit inner normal vector and two orthogonal unit tangential vectors at contact point r i , respectively. The ith wrench at contact point r i can be then expressed as
͑A6͒
G i and f i correspond to the layout matrix and force vector at the ith fixture element, respectively. According to the forces exerted to the workpiece, locators and clamps, i.e., fixels can be classified into active and passive elements. By definition, a fixel, e.g., a locator, is referred to as passive element if it provides only a kinematic constraint on the workpiece. A fixel, e.g., a clamp, acts as an active element if it imposes uniquely a normal force constraint on the workpiece. It is important to outline the basic difference between an active element and a passive one since the former cannot generate tangential frictions itself. Hence, the contact force vector associated with an active and passive element can be written, respectively, as
where f jn is the normal force exerted by the jth clamp to the workpiece.
It is necessary to note that the active contact force vector f aj is predetermined in advance and the passive contact force vector f pi is unknown and needs to be determined.
A.2 Friction Cone. As is well known, the direction of a normal force applied by any fixture element at the contact point with the workpiece must point perpendicularly to the contact surface of the workpiece in order to prevent its detachment in the fixturing process such that
Besides, based on Coulomb's friction law, it is known that resultants of normal and frictional forces at any contact point must 
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Transactions of the ASME also lie within the friction cone to prevent the workpiece from slipping as shown in Fig. 10 . Hence, we can write
with i being the friction coefficient between the workpiece and the ith fixture element. When evaluating contact forces between fixtures and the workpiece, the inequality of Eq. ͑A10͒ is difficult to deal with in its quadratic form. Hence, it is convenient to approximate the friction cone by an inscribed or circumscribed polyhedron ͓29͔, as shown in Fig. 11 The relative error of such a polyhedron approximation with respect to the friction cone can be mathematically evaluated as below r fi , L fi ϭ radius and length of fixture element with a cylindrical cross section at the ith contact point r w ͑j͒ , ⌰ w ͑j͒ ϭ position and orientation of the workpiece with respect to ͕GCS͖ in Step j ⌬q w ͑j͒ ϭ variation of the position and rotation of the workpiece in step j ⌬d p ͑j͒ ϭ local deformation in step j i ϭ friction coefficient between the workpiece and the ith fixture element ␣ b ϭ inclination angle of the straight line perpendicular to side b r ϭ nodal number of finite element model of the workpiece ␦d w ͑j͒ ϭ incremental displacement in step j
